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An analytic solution (in the form of an infinite series) has been ob- 

tained for the inverse problem of solidification in the most general 

three-dimensional  case. A numerical  example is given. 

In the t h r e e - d i m e n s i o n a l  c a s e  the t e m p e r a t u r e  d i s -  
t r i bu t i on  in a so l id i fy ing  c r u s t  i s  d e s c r i b e d  by the 
F o u r i e r  equa t ion  

ao a~o a~o a.o (1) 

The contour of the solidification front is assumed 

given at any instant of time: 

r ( ~ ,  ~h, ~ls, Fo)= O. (2) 

The s u r f a c e  con tour  of the  b o d y i s  g i v e n b y t h e  e q u a -  
t ion 

r(~, ~, ~ ,  0)= 0. (3) 

The function F and its derivatives are assumed con- 

tinuous. 

As usua l ,  the b o u n d a r y  condi t ions  a r e  s p e c i f i e d  
only on the con tour  of the so l i d i f i c a t i on  f ront :  

0/r=o = 0c ,  (4) 

a o _ dn r=o. 
an r=o , dFo  -?q l  (5) 

The b o u n d a r y  condi t ions  f o r m u l a t e d  a r e  a n a t u r a l  
ex tens ion  to the t h r e e - d i m e n s i o n a l  c a s e  of the f o r -  
mu la t i on  of the  o n e - d i m e n s i o n a l  so l i d i f i c a t i on  p r o b -  
l e m  [1]. 

Condi t ion  (5) can  be t r a n s f o r m e d  by  the method  p r o -  
p o s e d  by Ivantsov  [2]. 

F o r  th is  p u r p o s e  we c o n s i d e r  that  in the or thogona l  
c o o r d i n a t e  s y s t e m  n, s ,  a the to ta l  d i f f e r en t i a l  of the 
d i m e n s i o n l e s s  t e m p e r a t u r e  d0 is  w r i t t e n  in the fo rm 

dO ao dn_l OO ds_[_OOda_t_(" ao ) = ~ a~ a~ ~-FUo . . . .  dFo. (6) 
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Fig .  1. Contours  of body and i s o -  
so l idus  for  s u c c e s s i v e  s t a g e s  of 
so l i d i f i c a t i on  of an ingot  of e l l i p t i -  
ca l  c r o s s  sec t ion  with a p a r a b o -  
Io idal  bot tom:  0) ou te r  contour  of 
body (Fo = 0); 1) Fo = 0.25; 2)0.5;  

3) 0.75; 4) 1.0; 5) 1.25; 6) 1.5. 

Thence f rom e x p r e s s i o n  (6) 

dXo r-o dO / ao[  = /  jr o <9) 

As usual, the expression for 00/8n can be written 

in ~?I, ~2, ~3 coordinates in the form 

00 ] / (  a 0 / .  iao,iL ilOt 
an = \ a~ h ) + \ a ~ , /  + \a~13/ 

Then condition (5) becomes 

_ (oo ,1 _ dO 
L\a~,) ka~d \ ~ l  J ~=o d r o  ~=o + 

+q,F (aot ' ( o o 7  (aot '  \a~u + \~.I + \a~3) r=0 (11) 

Taking into account the constancy of the temperature 

on the contour of the solidification front F = 0, wehave 

M o r e o v e r ,  t h e r e  is ,  of c o u r s e ,  no v a r i a t i o n  of the 
t e m p e r a t u r e  a long the s u r f a c e  of the s o l i d i f i c a t i o n  
f ront ;  hence  

a-~s~ :P=0 ~ 0; a0(j0 F=0 ~ 0. (8) 

We find the so lu t ion  of Eq. (1) with bounda ry  condi t ions  
(4) and (11) and given contour  F in the fo rm of a s e r i e s  
that  is  a na tu r a l  g e n e r a l i z a t i o n  of the  o n e - d i m e n s i o n a l  
so lu t ion  [1]: 

0 = V. At (~'' ~h, ~3, Fo) Fl" (12) 
II 

l=O 
Then 

OF Al+, + 8 

O Hi li 
l=O 

F ~, (13) 
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F ig .  2. V a r i a t i o n  wi th  t i m e  of the 

d i f f e r e n c e  | - | a t  the  s u r f a c e  
of an  ingot  of e l l i p t i c a l  c r o s s  s e c -  
t ion  wi th  a p a r a b o l o i d a l  b o t t o m .  

The c u r v e s  w e r e  e o n s t r u e t e d f o r  
s u r f a c e  po in t s  w i th  t he  c o o r d i -  
n a t e s :  1) ( 0 , 0 , 0 ) ;  2) ( 1 , 3 . 1 6 , 0 ) ;  

3) (1,2,1.225); 4) (i,0,i.58). 

co 

(:4) 

d Fo ~i 

A,+,+ (- coA, 
___~ ~ ~i ' "qi r~. (15) 

Substituting expressions (13)-(15) into Eq. (I) and 
equating the coefficients of like powers of Y to zero, 
we obtain the following recurrence :-elation; 

= i i o  - -  

O F \  "~ , 

to t l l  

O ~AI O ~Al O ~A~ [O ~ r  O~__rP O ~ r  

- 2 [  or oA,+,~ or o&+, 4 Or OA~,]t. (16) 

The c o e f f i c i e n t s  A 0 and A:  a r e  d e t e r m i n e d  f r o m  the  
b o u n d a r y  c o n d i t i o n s  (4) and (11), r e s p e c t i v e l y :  

Ao = Oc, (17) 

A 1 ~ - -  

(~FFo)n -[-ql~(OFI2-~-fOr~2-~-, [ OF) 2 
�9 t ;J t J, 

<18) 
or? (or? k 

In general, it is difficult to prove the convergence 
of series of (13) at values of the coefficients A l deter- 
mined by expressions (16)-(18). However, the expres- 
sions presented give a solution of the problem at least 
for certain cases of practical importance. 

As an example we have considered the solidification 
of an ingot of elliptical cross section with a parabo- 
loidal bottom. 

In this ease the function F is given in the form 

qi =o .  (19) 

The contours of the bottom of this ingot and the con- 

tours of the isosolidus for successive stages of solidi- 
fication are shown in Fig. i. 

In the calculation it was assumed that ~2 = 0.I; ~3 = 
= 0.4; k = i. Confining ourselves to the first fourterms 

of series (12), using expressions (18) and (16) to cal- 
culate the coefficients A/, and considering that at the 

surface of the body FIs = kFo, we obtain 

Fo 
O s ~ O  c -  

l-}- 4 (0,Obl~ + 0.16~1~) 

16 (0 .001~ + 0.064~1~ ) Fo 2 

[1 -}- 4 (0.01~1~ -~- 0.16~1~)] 3 

_ { 0.226 

[1 + 4(0.0hl2 + 0 ,  .16.,3 .~2]]3 

64 (0.000hl 2 + 0.0256~1~) 
+ 

[1 -? 4 (0.0hl 2 + 0.16q~)] 4 

512(0.00h1~ + 0.064~1~) 2 ) 
Fo 3. 

+ [1 +4(0.0hq~ +0.16n~)] 5 

In order to calculate the dimensionless tempera- 
ture 0 s we took points in the bottom part of the ingot 
surface with coordinates (0, 0, 0), (1, 3.16, 0), (i, 2, 
1.225). 

The variation of 0 s with time at each of these points, 
respectively, is given by the expressions 

0 s ~--- 0c - -  1.000 Fo - -  0.226 Fo ~, 

0s ~-~ 0 c - -  0.715 Fo - -  0.058 Fo 2 - -  0.074 Fo ~, 

0 s ~-~ 0 c - -  0.472 Fo - -  0,168 Fo z - -  0.0200 Fo 3 , 

0s ---~ 0 c - -  0.385 Fo - -  0.145 Fo 2 - -  0.0340 F@. 

T h e s e  can  be  u s e d  at  l e a s t  fo r  Fo  _< 1; at  l a r g e r  v a l u e s  
of Fo  a l a r g e r  n u m b e r  of t e r m s  of s e r i e s  (12) m u s t  be  

d e t e r m i n e d .  
F i g u r e  2 shows  the  v a r i a t i o n  wi th  t i m e  of the  d i f -  

f e r e n c e  0 c - 0 s c a l c u l a t e d  f r o m  the  f o r m u l a s  p r e -  

s e n t e d .  
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NOTATION 

0 = c t / r  is d i m e n s i o n l e s s  t e m p e r a t u r e ;  0 c = c t c / r ;  
Os = c t s / r ;  t is t e m p e r a t u r e ;  t c is e r y s t a l l i z a t i o n t e m -  
pe r a tu r e ;  t s is su r face  t e m p e r a t u r e ;  e is spee i f i ehea t ;  
r is specif ic  l a ten t  heat of c ry s t a l l i z a t i on ;  Fo = a T / ~ ,  2 

is d i m e n s i o n l e s s  t ime;  a is t h e r m a l  diffusivity;  ~- is 
t ime;  .X is the c h a r a c t e r i s t i c  d imens ion  of body; 77 i = 
= xi/.X is the d imens ion l e s s  coordinate ;  n is the d i m e n -  
s i on l e s s  normal ;  ql = Q1 X c / ~ r  is d i m e n s i o n l e s s  heat 
flow f rom l iquid core  of ingot to crust ;  Q! is  the c o r r e -  

sponding d imens ional  heat flow; ~ is t he rma l  conduc-  
tivity.  
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